Static problems for the elastic plates and rods periodically perforated by small holes of different shapes are solved using the asymptotic approach based on the combination of the asymptotic technique and the multi-scale homogenization method. Using the asymptotic homogenization method the original boundary-value problem is reduced to the combination of two types of problems. First one is a recurrent system of unit cell problems with the conditions of periodic continuation. And the second problem is a homogenized boundary-value problem for the entire domain, characterized by the constant effective coefficients obtained from the solution of the unit cell problems. The combination of the perturbation method and the technique of successive approximations is applied for the solution of the unit cell problems. Taking into the account small size of holes the method of perturbation of the shape of the boundary and the Schwarz alternating method are used. The problems of torsion of a rod with perforated cross-section; deflection of the perforated membrane loaded by a normal load; and bending of perforated plates with circular and square holes are considered consecutively. The error of the applied asymptotic techniques is estimated and the high accuracy of the obtained solutions is demonstrated.
Introduction
The perforated plates and membranes are widely used in the numerous technical applications, some examples are shown in the Fig. 1 . Modern technological processes use perforated structures in the form of nanopore materials, e.g., porous silicon, zeolites, etc.
The mechanical analysis of perforated structures is a very important and a rather complicated task. Significant number of mathematical studies deals with the analysis of the boundary-value problems in perforated regions. They utilize a variety of approaches, in particular, the G-, H-and C-convergence (Cioranescu and Paulin, 1979; Dal Maso and Murat, 1997; Duvaut, 1977; Lions, 1980; Nazarov and Slutskii, 2006; Oleynik et al., 1986 Oleynik et al., , 1992 , two-scale convergence (Calvo-Jurado and Casado-Díaz, 2002; Casado-Díaz, 2000) , unfolding method (Cioranescu et al., 2006 (Cioranescu et al., , 2008 . It can be shown that all these approaches are equivalent for the linear or quasi-linear problems.
As a rule, the mathematical studies are devoted to formulation and proof of theorems of existence and uniqueness of the solution, and to the formalism and convergence of the asymptotic process. The analysis of the unit cell problems in these studies is limited by a proof of their solvability. The further treatment and applications to the mechanical problems of practical interest remain beyond these mathematical studies. And it is commonly assumed that the further applications should be based on use of some numerical algorithms, as a rule, on the FEM.
Extensive survey of literature on a study of the perforated membranes, plates and shells from the viewpoint of mechanics of plates and shells is given in the monographs by Grigolyuk and Fil'shtinsky (1970) and Lewinski and Telega (2000) .
The properties of the homogenized operators are studied by a number of authors. For example, Berlyand (1983a,b) has shown that if perforations are located in the points of a square lattice, then the homogenized plate is orthotropic, and if the unit cells have a form of regular hexagons, then the homogenized plate is isotropic. The properties of the coefficients of the homogenized operators are investigated by Bakhvalov and Panasenko (1989) and Kalamkarov (1992) .
In a number of works the solution of the unit cell problem is obtained under the assumption of small concentration of perforations, and the effective coefficients are found in the form of expansions in powers of the corresponding small parameter (Berlyand, 1983a,b; Berlyand and Chudinovich, 1983) . In some 0020-7683/$ -see front matter Ó 2011 Elsevier Ltd. All rights reserved. doi:10.1016/j.ijsolstr.2011.10.005 particular cases the exact analytical solutions of the unit cell problems can be obtained, see Kalamkarov (1992) . The explicit formulae for the effective stiffnesses are very useful, especially for the design and optimization of composite materials and structures, see Kalamkarov and Kolpakov (1997) .
The use of technique of double-periodic analytical functions (Grigolyuk and Fil'shtinsky, 1970; Mokryakov, 2010) and integral equations (Helsing and Jonsson, 2003) makes it possible to reduce problems for perforated plates to the system of linear algebraic equations, regular or quasi-regular, which is solvable by the method of reduction.
The mean field theory is used by Shevlyakov and Skoblin (1993) to determine the effective bending characteristics of a plate, irregularly perforated by a large number of holes of a different shape. In particular, the effective characteristics of a plate, perforated by the elliptical holes are calculated. It is shown that the obtained approximate Young's and Shear moduli of the plate, perforated by the similar circular holes, are close to the exact values of these moduli determined in the case of a regularly perforated plate.
The problem of torsion of a perforated rod has been studied by Lukkassen et al. (2009) . Authors used homogenized approach and they solved the unit cell problem numerically. Movchan et al. (2002) used a lattice approximation in their study of dynamics of the perforated membranes.
The main purpose of the present work is to develop the mathematically justified methods of solution of the static and dynamic problems for the plates and membranes densely perforated by holes of different shapes. Our approach is based on the combination of the asymptotic technique and the multi-scale homogenization method. The basic idea of this approach is the following. In order to solve the original problem the domain of a plate is considered to be composed from a large number of characteristic periodic sections, the unit cells. And a small non-dimensional parameter is introduced as the ratio of the characteristic dimension of the unit cell to the smallest characteristic dimension of the entire domain. Further, using the multi-scale homogenization method, see, e.g., Bensoussan et al. (1978) , Sanchez-Palencia (1980) , Bakhvalov and Panasenko (1989) , Duvaut (1977) , Kalamkarov (1992) and Kalamkarov et al. (2009) , the original boundary-value problem is reduced to the combination of two types of problems. First one is a recurrent system of unit cell problems with the conditions of periodic continuation. And the second problem is a homogenized boundary-value problem for the entire domain, characterized by the constant effective coefficients obtained from the solution of the unit cell problems. The combination of the methods of perturbation of the shape of boundary and the technique of successive approximations is applied for the solution of the unit cell problems. If the holes are small, then they are first examined in the infinite region, i.e., only the conditions on the internal boundary of the unit cell are taken into account. Solution of this problem is obtained using the method of perturbation of the shape of boundary (Guz and Nemish, 1987) . According to this approach the internal boundary of the unit cell in the first approximation is substituted by a circle, and further the real shape of the internal boundary is taken into account in the subsequent approximations. The solutions obtain in this way leave some discrepancies in the conditions of the periodic continuation on the outer boundary of the unit cell. These discrepancies are compensated by the solution of the boundary-value problem for the domain without perforations, in which only the conditions on the outer boundary of the unit cell are taken into account. Note that the above described approach basically represents the realization of the Schwarz alternating method (Kantorovich and Krylov, 1958) .
Present paper is dealing with the static problems for the perforated plates and membranes with small holes. Static and dynamic problems for the perforated plates and membranes with large holes are addresses in the Part 2 of the present work, see Andrianov et al. (2012) .
Following this introduction, the rest of the paper is organized as follows: the asymptotic technique used in the present work is introduced in the Section 2 by an example of the problem of torsion of a rod with perforated cross-section. The obtained solution also describes the deflection of the perforated membrane loaded by a normal load. In the Section 3, the problem of bending of the perforated plates with circular and square holes is analyzed. The error estimation is discussed in the Section 4. Finally, conclusions and generalizations in the application of the asymptotic homogenization method are presented in the Section 5. The regularization of the solutions for the infinite domain is provided in the Appendix A. And the sets of formulae entering the obtained solutions are provided in the Appendix B.
2. Torsion of a rod with perforated cross-section and deflection of the perforated membrane
We will introduce the asymptotic technique by considering a problem of torsion of an elastic rod with a cross section periodically perforated by square holes, see Fig. 2 . This problem can be reduced to following Poisson's equation for the warping function U: DU U0 xx þ U0 yy ¼ qðx; yÞ;
ð2:1Þ
where q(x, y) is external load. Here and in the sequel, comma denotes the partial derivatives. Assume the following conditions on the boundary of the region @X and on the boundary of each of the holes @X k :
where n k (x, y) is the outer normal unit vector to the boundary of the hole @X k . Note that the boundary-value problem (2.1) and (2.2) also describes the deflection of the perforated membrane loaded with a transverse load. Consequently, the solution obtained below is applicable in this case. More details will be given below.
Subdivide the original region into the periodic set of sections X each of them containing a single hole, as it is shown in the Fig. 2 .
Note that periodicity will be disrupted in the neighborhood of the boundary @X. Sections X represent the unit cells, and we assume that they are square with dimensions 2 a Â 2 a. We denote the characteristic linear dimension of entire region by L, and assume that L ) 2 a. We also assume that the characteristic scale of variation of the external load q(x, y) is substantially greater than the dimension of the unit cell. Then it is possible to define a small dimensionless parameter e ¼ 2 a=L ( 1, and introduce the ''rapid'' variables
For the ''slow'' variables we leave the above notation x and y. The derivatives with respect to the coordinates x and y and to the normal are transformed as follows:
where i and j are the unit vectors of coordinates n and g.
Using the multi-scales asymptotic approach, we express the solution of the boundary-value problem (2.1) and (2.2) in the form of asymptotic expansion in powers of the small parameter e Uðx; yÞ ¼ U 0 ðx; yÞ þ eU 1 ðx; y; n; gÞ þ e 2 U 2 ðx; y; n; gÞ þ e 3 U 3 ðx; y; n; gÞ þ Á Á Á ;
ð2:4Þ
where U 1 , U 2 , . . . are periodic functions in variables n and g with period L. Substituting expansion (2.4) in Eq. (2.1) and boundary conditions (2.2) and taking into account Eq. (2.3), we obtain the following recurrent system of boundary-value problems:
ð2:5Þ
ð2:8Þ
. . . and (2.6). This is a unit cell problem, and the function U 1 (x, y, n, g) satisfies the conditions of periodic continuation, i.e., the values of this function and its derivatives on the opposite sides of the unit cell must be equal. Next, we apply the following averaging operator to the boundary-value problem given by Eqs. (2.7)-(2.9):
ð2:10Þ
where X Ã k is a unit cell domain without hole. And as a result, we get the following homogenized boundaryvalue problem:
ð2:11Þ
In order to solve the boundary-value problem (2.5) and (2.6) we apply the following approach. For convenience in further derivation we replace the square contour by a smooth contour in the shape of a square with the filleted corners. In this case the function, which realizes the conformal mapping of infinite plane with a circular hole onto the infinite plane with the hole in a shape of a square with the filleted corners, is used. This function can be written as follows:
Here q and u are polar coordinates, and i ¼ ffiffiffiffiffiffiffi À1 p . The equation of the contour in this case takes the form f ðfÞ ¼ R½f þ e 1 f
À3 :
In the case of square we obtain: e 1 ¼ AE
Neglecting the small members of the higher order, the boundary of the hole @X k can be approximated by the expressions
Subsequently we will use the more general expression, which realizes a homotopic mapping from the circular hole to the square hole with the filleted corners n ¼ Rðcos u þ e 1 cos 3uÞ; g ¼ Rðsin u À e 1 sin 3uÞ;
ð2:13Þ
R ¼ e
À1
b=ð1 þ e 1 Þ; 0 6 u 6 2p; 0 6 je 1 j 6 1 9 :
Area of the hole described by the Eq. (2.13) differs little from the square with the rounded corners. Note that the singularities in the corner points of the original hole are not taken into account with this approximation. However, this does not make a substantial influence on the global characteristics, including the effective coefficients. For determining the local characteristics some additional technique should be used to take into account these singularities.
We further apply the expansion in terms of size of the region. In the first approximation, assuming small size of the hole, we turn to the problem of a hole in the infinite region, This problem is formulated in the polar coordinates q, u as follows: 
ð2:17Þ
It is necessary to transfer the boundary condition (2.15) from the contour q = R(1 + e 1 cos 4u) to the circle q = R using the expansion in Taylor series according to the method of perturbation of the shape of boundary, see Guz and Nemish (1987) Note that the approach that we use here is applicable for the Laplace equation as well as for the biharmonic and some more complex problems, see Guz and Nemish (1987) .
Substituting expansion (2.17) in Eqs. (2.14)-(2.16) and taking into account Eq. (2.18), we obtain the recurrent sequence of the boundary-value problems
ð2:19Þ
ð2:20Þ
ð2:21Þ 
:
ð2:26Þ
The obtained solution has a discrepancy in the conditions of periodic continuation, which is compensated by the additional solution V for the unit cell without hole, taking into account only condition on the outer boundary of the unit cell. This approach is a version of the Schwarz alternating method (Kantorovich and Krylov, 1958) . The Schwarz alternating method is an iterative approach to find the solution of a partial differential equation in a domain which is a combination of two overlapping subdomains, by solving the equation on each of the two subdomains in turn, and always assuming the latest values of the approximate solutions as the boundary conditions. In our case, we first solve the problem for a hole in the infinite domain. And as a result we obtain a discrepancy in the conditions of the periodic continuation. To compensate this discrepancy we solve the problem for a square domain without holes, which leads to a discrepancy at the contour of the hole. This procedure can be continued, but we truncated the calculation at this stage. As a result we arrive to the following boundary-value problem: 
The solution compensating discrepancy, takes the form
n sinh AðU 0;xx þ U 0;yy Þ ¼ qðx; yÞ; ð2:31Þ
where
The proposed analytical solution of the unit cell problem is the combination of the methods of perturbation of the shape of the boundary and the Schwarz alternating method. To estimate the accuracy of this solution we compare it with the numerical solution, obtained using FEM (Bourgat, 1979) . For b= a ¼ 1=3, e = 0.125 the coefficient A of the homogenized Eq. (2.31) is equal to 0.88 (it was assumed in calculations that e 1 = À1/9). Whereas the numerical solution gives A = 0.80. Thus, even for the case, when the hole is not very small, an error in the obtained analytical solution does not exceed 9%.
The obtained solution can be also used for the rods with the circular holes assuming e 1 = 0.
As above mentioned, the obtained solution is applicable to the analysis of deflection of a perforated membrane, subjected to the uniform tension T applied along the outer edge of the membrane and loaded with transverse load q(x, y). Indeed, the deflection u of such a membrane satisfies the following equation:
Tðu ;xx þ u ;yy Þ ¼ qðx; yÞ:
ð2:33Þ
If the boundaries of the holes are free of stresses, then it is possible to use the above obtained results and write down the homogenized equation as follows:
TAðu 0;xx þ u 0;yy Þ ¼ qðx; yÞ;
ð2:34Þ
where the coefficient A in the Eq. (2.34) is defined by the Eq. (2.32).
Bending of a perforated plate
Bending of a rectangular plate, periodically perforated by the square holes, as shown in the Fig. 3 
M n ¼ Dw þ ð1 À mÞðw ;xy sin 2h À w ;xx sin 2 h À w ;yy cos 2 hÞ ¼ 0 on @X k ;
ð3:3Þ
where h is the angle between x-axis and normal n k to the boundary of the hole; and s k is a tangential vector to the boundary of the hole. Assume that the outer boundary of the plate @X is simply supported, i.e.,
ð3:4Þ
Note that the boundary conditions of other types are also possible. If they don't restrict a movement of the plate as a solid body, the external loading must be self balanced. Subdivide the plate into the periodic set of sections X each containing a single hole, as it is shown in the Fig. 3 . Assume that the characteristic period of external load q(x, y) and the smallest characteristic dimension of plate L are substantially larger than the size of the periodicity cell, so that e ¼ 2 a=L ( 1. Then it is possible to introduce the rapid variables (2.3a), and expressions for the corresponding derivatives (2.3b).
Express solution of the problem (3.1)-(3.4) in expansions in powers of the small parameter e wðx; yÞ ¼ w 0 ðx; yÞ þ ew 1 ðx; y; n; gÞ þ e 2 w 2 ðx; y; n; gÞ þ . . . ;
ð3:5Þ
where functions w 1 , w 2 , . . . are periodic in variables n and g with period L. Substituting expansion (3.5) in Eqs. (3.1)-(3.4) and taking into account Eq. (2.3), we obtain the following recurrent system of boundary-value problems, to which it is necessary to add the periodic continuation conditions:
ð3:6Þ where
It is easy to see that function w 1 = C(x,y) represents a solution of the problem (3.6)-(3.8). Taking into account conditions (3.4) on the outer boundary @X, we obtain that w 1 = 0. Thus, the above recurrent system of problems becomes considerably simpler.
Application of the averaging operator (2.10) to the Eq. (3.15) on account of Eqs. (3.16) and (3.17) yields 1 jX
To solve the unit cell problem we apply the method of perturbation of the shape of the boundary described in the Section 2. We approximate the equation of boundary of the hole @X k by expression (2.13). In the first approximation, assuming that the hole is small, we turn to the problem (3.9)-(3.11) in the infinite domain, which in the polar coordinates takes the following form: 
ð3:32Þ
In the Cartesian coordinate system Eq. (3.32) yields w 2 ðx; y; n; gÞ ¼
where The obtained solution leaves the discrepancy in the conditions of periodic continuation, which can be compensated by the solution W 2 of the boundary-value problem formulated below for the region without the hole. In the calculation of the discrepancy only the main terms of expansion are considered, as a result we come to the following boundary-value problems: where
The boundary conditions, which connect sides g = ±a are obtained from Eq. (3.35) by the replacement g M n.
The analytical solution of the boundary-value problem (3.34) and (3.35) can be written as follows: In order to solve the local boundary-value problem (3.12)-(3.14) we first find the particular solution of nonhomogeneous Eq. (3.12) w 3p . We further present the solution of the boundary-value problem (3.12)-(3.14) in the form w 3 = w 3p + w 3g , and obtain the following boundary-value problem:
Using the same approach as was used for the local boundaryvalue problem (3.9)-(3.11), we obtain b= a in the case of circular hole: curve 1 -our results, curve 2 -result of application of the Fourier method (Pickett, 1965) . (Pickett, 1965) . (Pickett, 1965) . Note that in view of the rounded corners in our method, the curve 1 was calculated up to the value y= a ¼ 0:08, and then the displacement values were extrapolated up to the corner. (Pickett, 1965) .
w 3 ðx; y; n; gÞ ¼ À Substituting the obtained solutions of local boundary-value problems (3.9)-(3.11) and (3.12)-(3.14) into the Eq. 
Error estimations
In the previous sections we used the combination of methods of perturbation of the shape of the boundary and the Schwarz alternating method to solve the unit cell problems. For evaluating the accuracy of this approach let us examine a problem of bending of a square plate with a simply supported outer boundary and with a central circular or square hole with a free boundary, see Fig. 6 (a) and (b). Assume that this plate is subject to a transverse load P uniformly distributed over the plate's surface. The deflection of the plate satisfies the biharmonic equation
Dðw ;xxxx þ 2w ;xxyy þ w ;yyyy Þ ¼ P ð4:1Þ
and the following boundary conditions: In the case of circular hole shown in the Fig. 6(a) we evaluate the accuracy of the Schwarz alternating method. And in the case of square hole shown in the Fig. 6(b) we evaluate the accuracy of the combination of methods of perturbation of the shape of the boundary and the Schwarz alternating method.
Results for the circular hole are presented in the Figs. 7 and 8, where the deflection and bending moment in the point ð b; 0Þ are plotted vs. aspect ratio b= a. The comparison of the results obtained with our method (curves 1) with the results obtained using the Fourier method (Pickett, 1965 ) (curves 2) shows that the method of asymptotic expansions in terms of size of the domain provides satisfactory results.
Results for the square hole are presented in the Figs. 9 and 10, where the deflection and bending moment along the edge x ¼ b of the central square hole are plotted. The comparison of the results obtained with our method (curves 1) with the results obtained using the Fourier method (Pickett, 1965) (curves 2) demonstrates that the combination of methods of perturbation of shape of the boundary and the Schwarz alternating method provides satisfactory results. The discrepancies between these results for deflection are less than 3%, and for bending moments -less than 10%.
Conclusions, generalizations and open problems
Elasticity problems for the plates, membranes and rods periodically perforated by small holes of different shapes are studied, and the analytical solutions are obtained using the asymptotic approach based on the combination of the asymptotic technique and the multi-scale homogenization method. The problems of torsion of a rod with perforated cross-section; deflection of the perforated membrane loaded by a transverse load; and bending of perforated plates with circular and square holes are analyzed consecutively. The error of the applied asymptotic techniques is estimated and the high accuracy of the obtained solutions is demonstrated.
Present paper is concentrated on the static problems for the perforated plates and membranes with small holes. Static and dynamic problems for the perforated plates and membranes with large holes are addresses in the Part 2 of the present work, see Andrianov et al. (2012) , where the matching of limiting solutions for small and large holes using the two-point Padé approximants is also accomplished, and the analytical expressions for the effective stiffnesses of perforated plates with holes of arbitrary sizes are derived.
The asymptotic homogenization technique used in the present work can be further adapted in the following directions:
(i) Application of the boundary layers to describe the stressstrain state in the neighborhood of the edge of perforated plates. Although finding the explicit analytical solutions of boundary-layer problems in the theory of homogenization still remains an open problem, the effective analytical and numerical procedures have been proposed by Kalamkarov (1992) , Kalamkarov and Georgiades (2002) and Versieux and Sarkis (2006) . (ii) Account of singularities of solution in the presence of corner points in the domain, see, e.g., Blanc and Nazarov (1997) . (iii) Practically important problems for the inhomogeneous composite materials with inclusions of different shapes instead of perforations.
Let us represent the right sides of boundary conditions (A1.2) and (A1.3) in the form of Fourier series
ðf n cos nu þ f 0 n sin nuÞ;
ðw n cos nu þ w 0 n sin nuÞ: ðA1:4Þ
Then the solution of boundary-value problem (A1.1-A1.3) can be obtained as the sum w = w 0 + w 1 of the solutions of the following two boundary-value problems:
ðA1:5Þ
ðA1:10Þ
Solution of boundary-value problem (A1.5)-(A1.3), is not unique. In order to select the required unique solution, a fictitious elastic foundation with the coefficient k is introduced and the following problem of symmetrical bending of a plane with the circular hole on this foundation is considered:
ðA1:11Þ
ðA1:12Þ
ðA1:13Þ
Solution of the problem (A1.1)-(A1.3) can be written as follows (Timoshenko and Woinowsky-Krieger, 1987) : Functions BerZ and BeiZ grow unlimitedly with an increase of argument (Abramowitz and Stegun, 1965) . Therefore, taking into account decaying condition at infinity, we obtain C 1 = C 2 = 0, and, therefore, Eq. (A1.14) yields
ðA1:15Þ
Using asymptotic expressions for the functions KerZ and KeiZ for the small values of argument Z (see, e.g., Abramowitz and Stegun, 1965) , and retaining only first terms for k ? 0, we obtain the following solution of boundary-value problem (A1.5)-(A1.7): w 0 ¼ C 11 ln q þ C 22 q 2 ln q; where C 11 ; C 22 ¼ const:
ðA1:16Þ
The solution of boundary-value problem (A1.8)-(A1.10) can be obtained easily. Note that solution of the problem of bending of plane with the hole leaves the discrepancy in the boundary conditions on the outer boundary of the plate, which can be compensated by the solution of boundary-value problem for the original domain without hole. 
ðA2:4Þ Coefficients of Eq. (A2.4) 
2 À 32m À 109Þ 24ð1 À mÞ 
